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Abstract 
A set-valued upper semi-continuous map is called an R,-map if each of its values is an 
R,-set (we recall that an R,-set is a space that can be represented as the intersection of a 
decreasing sequence of compact AR-spaces). We prove that a compact set-valued map of an 
AR-space into itself has a fixed point provided it can be factorized by an arbitrary finite 
number of R,-maps through ANR-spaces. This fact is a consequence of a more general 
result which is the main goal of this paper. The proof relies on a refinement of the 
approximation technique and does not make use of homological tools. 
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Introduction 
Fixed point results for set-valued maps play a basic role in various branches of 
mathematics (game theory, mathematical economics, differential inclusions,. . .I, 
and it is frequently the case that the values of the maps appearing in these 
applications are not convex. It follows that most of the time the fixed point results 
are proved with the aid of rather sophisticated tools of algebraic topology. 
However, it was shown recently by Gorniewicz, Granas, and Kryszewski [15] (see 
also [7,2]) that for the upper semi-continuous maps with R,-values in the sense of 
Aronszajn [4], algebraic tools can be dispensed with: the method is to approximate 
the set-valued maps by continuous single-valued ones. 
The use of the approximation technique in the fixed point theory of set-valued 
maps goes back to von Neumann [24], but the systematic study of the approxima- 
tion property of set-valued maps was initiated by Cellina [8]. Since then, this idea 
has been important in different topics, e.g. the geometric topology of manifolds 
(Ancel [I], Cannon [7]), mathematical economics (Mas-Cole11 [22]), differential 
inclusions (Aubin and Cellina [5]), the study of metric projections (Deutsch and 
Kenderov [ll]), the theory of monotone operators (De Blasi and Myjak [lo]), fixed 
point theory (Gorniewicz, Granas, and Kryszewski [13,14]). 
The main motivation for this paper is to further develop the approximation 
technique in order to get a deeper insight into the fixed point property of 
set-valued maps. In Section 2 we introduce the class of regularly approximable 
maps and show that this class is stable under some algebraic and topological 
operations. Using these properties we prove in Section 3 that compositions of 
R,-maps defined on compact AANR-spaces can be approximated by single-valued 
continuous maps. We then discuss in Section 4 the fixed point property of such 
type of maps. 
1. Preliminaries 
1.1. Notations 
Throughout this paper, all spaces are assumed to be metric. For a subset A of a 
space (X, d) and E > 0, the cneighbourhood of A in X is defined to be the open 
set 
O,(A) = {y EXld(x, y) <e for some x in A), 
and if x is a point of X, we let O,(x) = O,({x}). 
Set-valued maps are denoted by Greek letters and single-valued maps by Latin 
letters. Maps are identified with their graphs, so that, when convenient, a map 
4 : X + Y can be regarded as a subset 4 c X X Y, and conversely. In this way also, 
if 4 and I,!J are two maps from X to Y, the notations 4 c I,!J, 4 f' $, and so forth, 
have a natural meaning, while the trivial map x H @ is denoted by @. 
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Given two maps 4:X-Y and $:Y + Z, their composition is defined as the 
map $6 : X + 2 whose values are $c$(x> := +($(x)1 = lz E ZI I/-‘( z) n 4(x) # @] 
for each x E X. If &? is a class of maps specified by some property, we write MC 
for the class of all compositions of members of A, that is 
4= {+$=&5f&1... 4, where4iE_&foreachi=1 ,..., n}. 
The &-neighbourhood of (the graph of) a map C$ : X - Y is always taken in the 
product XX Y supplied with the Hausdorff metric (max-metric), so O,(4) denotes 
the map x * 0,($(0,(x))) from X to Y. 
1.2. Spaces 
We assume that the reader is acquainted with the basic definitions and results 
of the theory of retracts. To avoid confusions however, in what follows we review 
some less known notions and facts which will be of importance in our discussion. 
As usual, by AR we denote the class of absolute retracts for metric spaces, and by 
ANR the class of absolute neighbourhood retracts for metric spaces. 
1.2.1. R,-sets 
An R,-set is a space that can be represented as the intersection of a decreasing 
sequence of compact AR-spaces (Aronszajn [4]). 
This notion proved important in the study of the solution sets of differential 
equations or differential inclusions. It is also closely related to more special 
concepts of shape theory and of the geometric topology of manifolds. For our 
purposes however, it is sufficient to know how R,-sets are related to contractible 
spaces. We begin by recalling the main definitions. 
A subset B of a space Y is said to be contractible in Y if the inclusion map 
i, : B + Y is nullhomotopic (a map f : X -+ Y is said to be nullhomotopic provided 
there exist y, E Y and a continuous h : XX [O, 11 + Y such that h(x, 0) =f(x> and 
h(x, 1) =y, for every x EX). The subset B is said to be proximally contractible in 
Y provided for each neighbourhood U(B) of B in Y there is a neighbourhood 
V(B) c U of B in Y such that I/ is contractible in U. (This property, introduced by 
Armentrout and Price [3] under the name W”, has been studied by several 
authors: see Ancel [l] and the references therein.) 
A contractible space is a space which is contractible in itself. Any nonempty 
convex subset of a topological linear space is evidently contractible, and it readily 
follows from results of Klee [lg, Theorem 4 and Proposition 111 that 
1.1. Any nonempty compact concex subset of a topological linear space is proximally 
contractible in any conuex set containing it. 
The following result relating R,-sets and contractible spaces collects work of 
Borsuk [6], Hyman [17] and Lather [20]: 
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1.2. Let K be a compact subset of an ANR-space Y. The following properties are 
equivalent: 
(1) K is proximally contractible in Y, 
(2) K is contractible in each of its neighbourhoods, 
(3) K is the intersection of a decreasing sequence of compact contractible spaces, 
(4) K is an R,-set. 
In the text, we shall also consider a slightly more general concept. Following 
Dugundji [12], we say that a subset B of a space Y is proximally co-connected in Y 
provided for each integer n and each neighbourhood U(B) of B in Y there is a 
neighbourhood V(B) c U of B in Y such that every continuous map from the 
n-sphere S” into I/ is nullhomotopic as a map from S” into U. (This property is 
called W” in Armentrout and Price [3].) Clearly, if B c Y is proximally con- 
tractible in Y, then B is proximally w-connected in Y. 
1.2.2. AANR-spaces 
A space X is called an AANR-space (approximative absolute neighbourhood 
retract for metric spaces) provided for each e > 0 and each homeomorphism h 
mapping X onto a closed subset h(X) of a space Y, there exist a neighbourhood 
U, of h(X) in Y and a continuous map ra : U, --f X verifying r,h(x) E U,(x) for all 
x E X. Similarly, a space X is called an AAR-space (approximative absolute retract 
for metric spaces) if one can take U, = Y in the preceding definition. 
(For compact spaces, the classes AANR and AAR were introduced and studied 
by Clapp [9] and Noguchi [23] respectively; these classes are strictly larger than the 
corresponding classes ANR and AR.) 
The following result relating the compact subsets of AANR-spaces with the 
polyhedra will be important in our discussion (we recall that a (finite) polyhedron 
is a space which is the union of a finite number of simplexes): 
1.3. Let K be a compact subset of an AANR-space X. For every E > 0, there are a 
polyhedron P, and continuous maps s, : K + P, and ra : P, +X such that r,s,(x) E 
O,(x) for all x E K. 
Proof. Let E > 0 be fixed. The Arens-Eells embedding theorem provides a homeo- 
morphism h mapping X onto a closed subset h(X) of a normed linear space E, 
and by definition of an AANR-space, one can find a neighbourhood U, of h(X) in 
E and a continuous map rE : U, +X such that r,h(x) E O,,2(x) for all x EX. 
Since ra is uniformly continuous around the compact set h(K), there exists 6 > 0 
verifying 
r&WW)) cQ&JW) W(x) 
for every x E K. Now the approachability property of compact sets lying in normed 
linear spaces (see for instance Granas [16, Theorem 1.4.31) yields a polyhedron 
P, c U, and a continuous g, : h(K) + P, such that g,h(x) E O,(h(x)) for every 
x E K. 
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The following diagram illustrates the situation: 
r<ig>h I K 
K-X 
To complete the proof, observe that the continuous maps 
s,=gghIK:K+PE and r,lP,: P,-X 
verify T,s,(x) = r,g,h(x) E r,(O,(h(x))) c O&x> for all x E K. q 
Motivated by 1.3, we set the following definition: 
Definition 1.4. Given a space X and a class of spaces 0, we say that a space A is 
approachable in X by R provided for every continuous f : A +X and every F > 0 
one can find B, E L? and continuous maps s, : A + B, and rs : B, +X verifying 
T,s,(x) E O,(f(x)) for all x E A. 
This definition extends the notion of approachability introduced by Klee [19] 
(see also Granas 116, Ch. I, 951). It is clear that 1.3 can be equivalently formulated 
as: 
1.5. Any compact space is approachable in any AANR-space by the class of 
polyhedra. 
1.3. Multi-maps 
For the sake of brevity, a compact-valued upper semi-continuous transformation 
will simply be called a multi-map. Hence, a multi-map is a map 4 : X + Y 
verifying: 
(a) for every x EX the set 4(.x) is compact, and 
(b) for every x E X and every E > 0 there is S > 0 such that $(0,(x)) c 0,(+(x)). 
Some frequently used properties of multi-maps are collected in the following: 
Proposition 1.6. (a) If 4 : X - Y is a multi-map, then its graph is closed in XX Y, 
the converse is true whenever Y is compact. 
(b) If 4:X+Y’ IS a multi-map and X is compact, then its graph is compact in 
xx Y. 
Cc) The composition of two multi-maps is also a multi-map. 
In the text, we shall mainly be concerned with the types of multi-maps defined 
in the following: 
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Definition 1.7. A multi-map 4 : X + Y is called 
- a Z-map if Y is a convex set in a linear space and $ has convex values, 
- a E’-map if Y is an ANR-space and 4 has contractible values, 
_ an R,-map if Y is an ANR-space and 4 has R, values, 
- a f-map if Y is any space and 4 has proximally m-connected values. 
The next proposition is an immediate consequence of 1.1 and 1.2. 
Proposition 1.8. (a) The class of R,-maps contains the class of E’-maps. 
(b) The class of /-maps contains the classes of Z-map, Z9-maps, and R,-maps. 
2. Approximation technique 
2.1. Approximable multi-maps 
The notion of an approximable map has been used by different authors with a 
different meaning (see e.g. [lO,ll]). In this paper, we are only interested in the 
set-valued maps that are approximable in the sense of Cellina [8]. We therefore 
adopt the following definition (Cannon [7], Ghrniewicz, Granas, and Ktyszewski 
[14,15]): 
Definition 2.1. A map 4 : X + Y is said to be approximable provided 
(a) 4 is a multi-map, 
(b) for any E > 0 there exists a continuous single-valued map f, : X + Y (called 
an e-approximation of 4) such that f, c O,(6). 
As an immediate consequence of the definition we get: 
Proposition 2.2. Let X be a compact space, Y be an arbitrary space, and V: X + Y 
be a map with closed graph. The following statements are equivalent: 
(1) V meets every single-valued continuous map f : X + Y, 
(2) V meets every approximable map C$ : X + Y. 
Proof. (1) 2 (2). Let 4 : X + Y be an approximable map. If V meets every 
single-valued continuous map from X to Y, then V meets every &-neighbourhood 
of 4 since such neighbourhoods contain a continuous f : X + Y. It follows that V 
should meet 4, because the graph of V is closed and the graph of $J is compact by 
Proposition 1.6(b). 
(2) =, (11, since any single-valued continuous f : X -+ Y is evidently approx- 
imable. q 
Corollary 2.3. A compact space has the fixed point property with respect to approx- 
imable maps if and only if it has the fixed point property with respect to single-valued 
continuous maps. 
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Proof. Apply Proposition 2.2 with X= Y and V: x ++x. 0 
The following lemma will be crucial in establishing the stability properties of 
approximable maps (cf. Cannon [7, Theorem A12]): 
Lemma 2.4. Let 4:X+Yand I/J:Y -+ Z be two multi-maps. Assume that X is 
compact. Then, for every E > 0 there is 6 > 0 such that 0,($,)0,(4) c O,($C$). 
Proof. Let cy = e/2 and V = X X Z\O,($4). Since $4 f' V = @, it follows that 
4 n I+K’V = @. We claim that $- 'V has a closed graph in X X Y. Indeed, V-’ 
being closed in Z XX and X being compact, V-’ : Z +X is U.S.C. and compact- 
valued by Proposition 1.6(a), so also is the composition V-l+ : Y-+X by Proposi- 
tion 1.6(c), whence I,!~ ‘V = (V-‘I,~-’ has a closed graph in X X Y by Proposition 
1.6(a). Since the graph of 4 is compact in X X Y by Proposition 1.6(b), we can find 
p > 0 such that O,(4) n I,K’V = @. This means that for each x E X and each 
y E 0g(4)(x), we have y P I/~‘(V(X)) or, equivalently, $(y) n V(x) = @, that is 
4(y) c O,(I,!J~)(X). Therefore, for each x E X, we have: q!dOp(4>(x>) c 0,($4Xx). 
To complete the proof, let 6 = min{P/2,a], fix x EX, and observe that 
08(+)08(4)(x) 
=08<~)(Os(4(0&)))) by definition of O,( 4) 
= 08( I,%( 08( O,( 4( O,( x)))))) by definition of O,( 4) 
cO~(~~OP(4(Od~),)j) since 6 G p/2 and 6 G a 
= 0@(0/3(4)(n))) by definition of Op( 4) 
cO~(O~w4)(x)) from the preceding paragraph 
=0,(~4)(x) since (Y = .5/2. 0 
Theorem 2.5. Let X be a compact space, and Y and Z be arbitrary spaces. 
(a> Zf 4:X+Yand I+!J:Y+Z are approximable, then so is 9!14 : X + Z. 
(b) Let 4, : X + Y, i = 1, 2,. . . , be a decreasing sequence of multi-maps. Zf each 
4i is approximable, then so is n T= ,4,. 
Proof. (a) According to Lemma 2.4, there is 6 > 0 such that 0,($)0,(4) c 0,(4!14>, 
so, if fs : X + Y and g, : Y + Z are &approximations of 4 and 4 respectively, 
then gsfs :X+ Z is an s-approximation of $4. This establishes (a>. 
(b) Since 41~423 ... is a decreasing sequence of compact subsets of XX Y 
by Proposition 1.6(b), any &-neighbourhood of n YE ,4i contains a &neighbourhood 
of some 4i, and consequently also a &approximation of that 4,. This proves (b). 
0 
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2.2. Regularly approximable maps 
Let X and Y be arbitrary spaces, and 4 : X+ Y be a multi-map. It follows 
from Theorem 2.5(a) that if 4 is approximable, then for any compact space A and 
any continuous f : A +X the composed map 4f: A + Y is approximable. Obvi- 
ously, the converse need not be true if X is not compact. 
This remark suggests to consider the following type of maps (cf. Cannon [7, p. 
701): 
Definition 2.6. A map 4 : X -+ Y is said to be regularly approximable for a class of 
spaces R provided 
(a) $J is a multi-map, 
(b) for any A E R and any continuous f : A +X the composed map +f : A + Y 
is approximable. 
We first observe that Theorem 2.5 remains valid for this broader class of maps: 
Theorem 2.7. Let R be a class of compact spaces, and let X, Y, and Z be arbitrary 
spaces. 
(a) If 4 : X + Y and r,!r : Y + Z are regularly approximable for a, then so is 
*C$:x+z. 
(b) Let 4i:X+Y,i=1,2 ,..., be a decreasing sequence of multi-maps. If each 
4i is regularly approximable for 0, then so is Cl T= I~i. 
Proof. (a) Let A E R and let f : A +X be continuous. We have to show that +!r+f 
is approximable. According to Lemma 2.4, for every E > 0 there is 6 > 0 such that 
%(vQ)%(4f 1 =Q,,w4f 1. 
Since +f is approximable, one can find g 6 : A -+ Y such that g, c O,(+f 1. We 
then have 
Q,2(1clgs) =Q,,(O,(+>O,(+f)) COE(44f). 
Now it is clear from these inclusions that any E/2-approximation of $gs : A + Z is 
an &-approximation of $4f. This establishes (a). 
The proof of (b) goes exactly as in Theorem 2.5. 0 
The next theorem asserts that we can extend the domain of approximability of 
the maps: 
Theorem 2.8. Let fl be a class of compact spaces. If C/I : X + Y is regularly 
approximable for 0, then it is also regularly approximable for the class of compact 
spaces approachable in X by 0. 
Proof. Let A be a compact space approachable in X by R. Let f : A +X be 
continuous and let E > 0. We have to show that $f admits an &-approximation. By 
Lemma 2.4 there is 6, > 0 such that 
%l(w%l(f) =0,(4f), 
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and by Definition 1.4 there are B E fl and continuous maps s : A + B and 
r : B +X such that rs c O,l(f>. In view of Proposition 1.6(b), 4r.y is a compact 
subset of A x Y, and from the above inclusion, 4rs is contained in O,<4f), so one 
can find 6, > 0 such that O,$+rs) c 0,(4f). 
By invoking Lemma 2.4 again, we obtain 6, > 0 such that 0,$4r)O,$s) c 
062(4rs). Now if we denote by g : B + Y a a,-approximation of 4r, we get 
gs =O,l(4rP&) =%Z(4rs) =0,(4f) 
showing that gs : A + Y is an &-approximation of 4f. q 
Combining Theorem 2.8 with 1.5 we immediately obtain 
Corollary 2.9. Let X be an AANR-space. If 4 : X + Y is regularly approximable for 
the class of all polyhedra, then it is actually regularly approximable for the class of all 
compact spaces. 
3. Approximation results 
For the reader’s convenience, we have reformulated some of the main known 
approximation results in the following: 
Theorem 3.1. Let R be a class of spaces, X and Y be arbitrary spaces and 4 : X + Y 
be a multi-map. Then 4 is regularly approximable for R in any of the following 
situations : 
(a> (van Neumann [241) R = {compact sets in Euclidean spaces), Y is an Eu- 
clidean space, 4 is a X-map. 
(b) (Cellina [8,51) 0 = (all spaces), Y is a convex subset of a normed space, 4 is a 
Z-map. 
(c) (Mas-Cole11 [22]) R = {polyhedra}, Y is an Euclidean space, 4 is a SF-map. 
(d) (Cannon [71) 0 = (locally compact finite-dimensional spaces), Y is a locally 
compact finite-dimensional ANR-space, 4 is an R,-map. 
(e) (Gorniewicz, Granas, and Kryszewski 1151) R = {polyhedra), Y is any space, 
4 is a y-map. 
(f> (Lassonde [211) R = {simplexes), Y is a convex subset of a linear space, 4 is a 
XC-map. 
It is clear that (b) generalizes (a>, that (d) contains (a) and cc>, that (e) extends 
(cl, and that (f) is independent from the other results. However, by applying the 
approximation technique to the result (e), it is easy to provide a theorem which 
includes (a>, (cl, (e> and (f> while enlarging the class of domains: 
Theorem 3.2. Let X be an AANR-space and Y be any space. Then any _&-map from 
X to Y is regularly approximable for the class of all compact spaces. 
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Proof. In view of Theorem 2.7(a), it suffices to verify that any x-map 4 : X + Y is 
regularly approximable for the class of all compact spaces. By Corollary 2.9, this 
amounts to showing that 4 is regularly approximable for the class of all polyhedra. 
Now this is precisely the statement (e> of Theorem 3.1. 0 
Corollary 3.3. Let X be an AANR-space, Y be any space and C#J : X + Y be a /,-map. 
Then, for any compact subset K CX and any E > 0 there exists a continuous 
f : K + Y such that f(x) E O,(C$>(X> for every x E K. 
By combining Corollary 3.3 with Proposition 1.8, we immediately obtain approx- 
imation results for compositions of R,-maps and compositions of z-maps: 
Corollary 3.4. Let X be a compact AANR-space and Y be an ANR-space. Assume 
that C) : X + Y can be factorized as 
&XOi-,Y++ ... 4, - Y, = Y, 
where Y is an ANR-space and +i is an R,-map for each i = 1,. . . , n. Then C$ is 
approximable. 
Corollary 3.5. Let X be a compact AANR-space and Y be a convex subset of a linear 
space. Assume that C$ : X + Y can be factorized as 
@X2!+++ ... 67 - Y, = Y, 
where Y, is a convex set in a linear space and C#J~ is a Z-map for each i = 1,. . . , n. 
Then C$I is approximable. 
Comments. (11 A result closely related to Theorem 3.1(e) has been independently 
obtained by Anichini, Conti, and Zecca [2]. On the other hand, Gorniewicz, 
Granas, and Kryszewski have shown that Theorem 3.1(e) remains valid for 0 = 
{compact ANR-spaces] [15, Theorem 5.121. 
(2) The result Theorem 3.1(f) is stated in a different but equivalent form in [21, 
Lemma 11. It holds true even in a nonmetric setting; moreover, the proof given in 
[21] works as well with R = {polyhedra} instead of R = {simplexes]. 
4. Fixed point theorems 
The approximation Theorem 3.2 combined with Corollary 2.3 yields the basic 
Theorem 4.1. If a compact AANR-space has the fixed point property with respect to 
single-valued continuous maps, then it also has the fixed point property with respect to 
&-maps. 
It follows from Theorem 4.1 that a compact AAR-space has the fixed point 
property with respect to fc-maps, since by Noguchi’s result [231 such a space has 
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the fixed point property with respect to single-valued continuous maps. In fact, the 
compactness condition may be relaxed: 
Theorem 4.2. Let X be an AAR-space and C$ : X+X be a 8,-map. If there is a 
compact set K such that 4(X) c K cX, then 4 has a fixed point. 
Proof. In view of the compactness assumption it is sufficient to show that for each 
E > 0 there is a point x EX verifying x E 0,(4(x)), so let E > 0 be fixed. 
Let h denote a homeomorphism mapping K onto a closed subset of the Hilbert 
cube I”. On the one hand, by Tietze-Urysohn’s extension theorem, there is a 
continuous s : X -+ I” such that s(x) = h(x) for each x E K; on the other hand, by 
the “approximate extension” property of AAR-spaces, there exists a continuous 
rt- : I” +X such that r,(y) E O,(hP1(y)) for each y E h(K). 
Consider the composition 
s+r, : I” + rF x5x-LI”. 
We claim that sdrr, : I” + I” is a fc-map. Indeed, $r, : I” +X is a fc-map by 
assumption, while s : X + I” is a /-map since, I” being locally contractible, the 
values of s are proximally contractible in I”. In view of Schauder’s fixed point 
theorem and Theorem 4.1, s@r, has a fixed point and therefore also does 
r,s4 : X+X. So, there is a point x E X verifying x E r,sd4x). Now observe that 
SI$(X) = h+(x) because 4(x> c K, whence r,s$(x) = r,h4(x) c O,(h-‘h4(x)) = 
O,(C$(X)). Consequently x belongs to 0,(4(x)), which was to be proved. q 
As special cases, we get the following extensions of the Kakutani-Fan-Glicks- 
berg fixed point theorem: 
Corollary 4.3. Let X be an AR-space. Assume that C$ : X j X can be factorized as 
6, f&X&Y&++ ‘.. +Y:,=X, 
where Y. is an ANR-space and 4, is an R,-map for each i = 1,. . . , n. If there is a 
compact set K such that 4(X) c K cX, then C$ has a fixed point. 
Corollary 4.4 [21, Theorem 41. Let X be a nonempty concex set in a locally convex 
linear space. Assume that 4 : X --$X can be factorized as 
&XAY,3 ... 4” - r,, =x, 
where E; is a comex set in a linear space and +i is a Z-map for each i = 1,. . . , n. If 
there is a compact set K such that 4(X> c K c X, then C$ has a fixed point. 
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